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TWISTED HOLOMORPHIC SYMPLECTIC FORMS 

Nicolina Istrati 


ABSTRACT. We show that a compact Kahler manifold admitting a nondegenerate holomorphic 2-form 
valued in a line bundle is a finite cyclic cover of a hyperkahler manifold. With respect to the connec¬ 
tion induced by the locally hyperkahler metric, the form is parallel. We then describe the structure of 
the fundamenal group of such manifolds and derive some consequences. 

KEYWORDS: (locally) hyperkahler manifold, holomorphic symplectic form. 


1. Introduction 

In this note, we are concerned with compact Kahler manifolds which admit a 
particular kind of structure: holomorphic nondegenerate 2-forms valued in a line 
bundle. The problem has different analogues that have been intensively studied. On 
the one hand, there is the nontwisted problem concerning holomorphic symplectic 
forms. On the other hand, its symmetric avatar consists in the study of holomorphic 
(conformal) metrics. 

In the compact setting, Kahler manifolds admitting holomorphic symplectic forms 
are exactly the hyperkahler ones, as shown in ||2| . There is a rich literature concern¬ 
ing this subject, and its study is ongoing. Turning to the symmetric counterpart, the 
situation is somewhat different. Although the class of compact Kahler manifolds ad¬ 
mitting a holomorphic metric is rather small (it consists in all the finite coverings of 
tori, as shown in ID), as soon as one allows the same structure to be twisted - thus 
studying holomorphic conformal structures - one enters a very rich class of mani¬ 
folds. A complete classification of these has been reached only in dimension 2 and 3, 
in |6l and O . 

Despite one could expect that the class of manifolds with twisted holomorphic 
symplectic forms is also wide, it turns out that the situation is not much different 
from the nontwisted case. More precisely, we show that compact Kahler manifolds 
admitting a twisted holomorphic symplectic form are locally hyperkahler. In particu¬ 
lar, the presence of such a structure ensures the existence of a Ricci-flat Kahler metric, 
and with respect to the connection induced by this metric the form is parallel. 

Roughly speaking, the proof is as follows: we first notice that the twisted holomor¬ 
phic symplectic form induces local Lefschetz-type operators acting on the sheaves 
of holomorphic forms D.*, which then determine a local splitting of into and 
some other summand. This, in turn, allows us to find local holomorphic 1-forms 
which behave like connection forms on the line bundle where the twisted form takes 
its values. Finally, this means that the bundle admits a holomorphic connection, thus 
also a fiat one, and that the manifold is Ricci-flat locally holomorphic symplectic, 
thus locally hyperkahler. This is Theorem 2.7 in Section 2. 

In the next section, we investigate the conditions that make the converse true, i.e. 
when does a locally hyperkahler manifold admit a twisted holomorphic symplectic 
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form. This is strictly related to the structure of its fundamental group: it has to he 
cyclic and of a particular kind. There are some consequences that follow, such as: 
(strictly) twisted holomorphic symplectic manifolds are necessarily irreducible, and 
if their fundamental group is finite, they are necessarily projective. 


Let us now he more precise, and define the objects we will be interested in: 
Definition 1.1. A Riemannian manifold (M, g) is called hyperkdhlerif it admits three 
complex structures /, / and K which: 

(1) are compatible with the metric, i.e. 

(2) verify the quaternionic relations: 




(3) are parallel with respect to the Levi-Civita connection given by g. 

In particular, a hyperkahler manifold is Kahler with respect to its fixed metric and 
any complex structure al + bj + cK, with a, b and c real constants verifying + 

= 1 . 

Equivalently, we could say that a 4n-dimensional Riemannian manifold (M, g) is 
hyperkahler iff its holonomy group is a subgroup of Spin). 

Definition 1.2. A holomorphic 2-form on a complex manifold M,a)e H^iM, T2^), is 
called a holomorphic symplectic form if it is nondegenerate in the following sense: 

vjOx = 0=>u = 0, \/xe M,\/v e where j is the contraction. 

We call a manifold admitting such a form a holomorphic symplectic manifold. 

In particular, a holomorphic symplectic manifold (M, co) has even complex di¬ 
mension 2m and is a nowhere vanishing holomorphic section of the canonical 
bundle KM=det Thus, Km is holomorphically trivial and Ci(M) = 0. 

It can be easily seen that, once we fix a complex structure on a hyperkahler man¬ 
ifold M, say /, there exists a holomorphic symplectic form o on (M, I) defined by: 

a)i-,-)^giJ-r) + igiK-,-) 

Thus, a hyperkahler manifold is a holomorphic symplectic manifold (but not in a 
canonical way). In the compact case, the converse is also true: 

Theorem 1.3. (Beauville, (2]J Let (M,/) be a compact Kahler manifold admitting a 
holomorphic symplectic form. Then, for any Kahler class ae (M, IR), there exists a 
unique metric g on M which is Kahler with respect to I, representing a, so that (M, g) 
is hyperkahler. 
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Moreover, the manifold (M, I) admits a metric with holonomy exactly Sp(mj iff it 
is simply connected and admits a unique holomorphic symplectic form up to multi¬ 
plication by a scalar. 

Remark 1.4. The existence and uniqueness of the Kahler metric representing the 
given Kahler class comes from Yau’s theorem: it is exactly the unique representa¬ 
tive in the class that has vanishing Ricci curvature. Consequently, the holomorphic 
symplectic form in the theorem is parallel with respect to the Levi-Civita connection 
given hy this Ricci-flat metric. 

2. Twisted holomorphic symplectic manifolds 

We will now concentrate on the twisted case, and see that the situation is similar 
to the non-twisted one. Specifically, we will show that a Kahler manifold admitting a 
nondegenerate twisted holomorphic form admits a locally hyperkahler metric which 
is moreover Kahler for the given complex structure. With respect to the connection 
induced hy this metric, the form will he parallel. 

Definition 2.1. A Riemannian manifold g) is called locally hyperkahler if its 

universal cover with the pullhack metric is hyperkahler or, equivalently, if the re¬ 
stricted holonomy group Hol‘’(g) is a subgroup of Sp(m). 

Definition 2.2. We will call a Kahler manifold (M, I, g) Kahler locally hyperkahler 
('JTZfijifit admits a rank 2 real suh-hundle ofEnduiTM) thathas, around each point, a 
local parallel frame consisting in two orthogonal complex structures which, together 
with I, verify the quaternionic relations. 

Remark 2.3. Notice that a Riemannian manifold (M, g) is locally hyperkahler exactly 
when there exists a rank 3 real suh-bundle of EndmirAT) which admits, around 
each point, a local parallel frame consisting in three orthogonal complex structures 
verifying the quaternionic relations. When, moreover, admits as a global section a 
complex structure I with respect to which g is Kahler, the manifold is Klh. 

Definition 2.4. A compact manifold (M, /, L, oj) is called twisted holomorphic sym¬ 
plectic if / is a complex structure on M and there exists a holomorphic line bundle L 
over M and a nondegenerate L-valued holomorphic form: 

to e 

Remark 2.5. The existence of a twisted holomorphic symplectic form implies that M 
is of even complex dimension 2m. Moreover, is a nowhere vanishing holomor¬ 
phic section of the line bundle Km ® T'”. Thus, we have that L'” = In particular, 
any metric on M naturally induces one on L, and we also have 

Ci(Af) = mciiL). 

Remark 2.6. Any compact complex surface M is twisted-symplectic in a tautological 
way. Simply take L to be Kf^, so that 

H° (M, ® L) = (M, Km^K*^)^C. 
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Thus any non-zero complex number represents a twisted-symplectic form. There¬ 
fore, the class of twisted holomorphic symplectic manifolds is interesting only start¬ 
ing from complex dimension 4. 

Our main result in this section is the following: 

Theorem 2.7. Let 1, 1,0)), m > 1, be a compact twisted holomorphic symplectic 
manifold of Kdhler type, and let a e H^(M,IR) be a Kdhler class. Then there exists a 
unique Kdhler metric g with respect to I representing a so that{M,g,I) isKlh. More¬ 
over, L is flat and to is parallel with respect to the natural connection induced by g on 
L. 

Proof. Let {Ui} be a trivializing open cover for the line bundle L and at e H^{Ui,L) 
be holomorphic frames, so that the holomorphic transition functions {gij} are given 
by at - gijCTj. Then, if we write over Ui 

to - COi ® (T; 

we get local holomorphic symplectic forms tot that verify, on Ui n Uj, ooi - gjitoj. 

The tofs, being holomorphic, induce the morphisms of sheaves of -modules 
over Up 

Li — (i)i A • 

Lemma 2.8. For m> I, shrinking the Ui ’s if necessary, we have an isomorphism of 
sheaves of©Ui -modules: 

~ qI /n 

\LUi - 

where jj, is the sheaf ker(L^“^ : ^ <^nd n-2m. 

Proof. We claim that ^ is an isomorphism of sheaves over Ui. We in¬ 

spect this at the germ level, so we fix z e Ui. Since the corresponding free @’z-modules 
have the same dimension, it suffices to prove the injectivity of Lff^. But this be¬ 
comes a trivial linear algebra problem, noting that we can always find a basis over C 
in {ei,...,em,fi,---,fm} so that 

m 

Wiiz) = Y. ^st^fs- 

5=1 

Next, from 



we get that L/ is injective and Lf ^ is surjective. Hence, we have an exact sequence 
of sheaves: 

I- -)■ 


0 


>0 
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Now, we can take the Ui’s small enough so that all the sheaves above are free. Thus, 
the sequence splits and identifying with a suhsheaf of via Li, we get 

the desired isomorphism. This ends the proof of the lemma.H 


Now, we have e so, refining the cover {17/} if necessary, we can write: 

( 2 . 1 ) d(i)i — 


with 6i e VL]^{Ui) and holomorphic sections uniquely determined hy 

the previous lemma. Since oji - gjicoj, we get: 


dgji A (Dj + gjidO)j = gjiOJj A 0/ + ^i 


whence 


coj A Qj + - dcoj - ojj A 9i + —^i - 


gji 


^Sji 

gji 


AO), 


Thus the 0/’s change hy the rule: 


( 2 . 2 ) Oi^ej + dloggji. 

Now, on a compact Kahler manifold we have (M, (M, C) c (M, C) 

and Ci(L) £ 7f^’^(M,C) is represented, via this isomorphism, hy the Cech cocycle 
{dloggjdji £ Z^{{Ui}i,D.\^). On the other hand, from (2.2) we have that d({-0/}/) = 
-{9j-6i) - d\og gji, where {-0/}/ £ Z°i{Ui}i,D.]^) and d is the differential in the Cech 
complex. Therefore, {dloggjdji is exact, hence ci(L) = 0. 

Thus we also get ci(M) = mci(L) = 0. So, hy Yau’s theorem, there exists a unique 
Ricci-flat Kahler metric g whose fundamental form cOg represents the given class a. 
Now, on ® 7 we have the Weitzenhdck formula (see for instance 17]): 

20*0 = V*V + <% 

where V is the naturally induced connection hy g on iSi L and ^ is a curvature 
operator which on decomposable sections is given by: 


0?(/3®s) = ipgP<s> s + P<8iTrc^ii©iL))s 

with pg : the induced action of the Ricci form on Now, since g is 

Ricci-flat, Pg = 0. Also, if we consider the curvatures induced by g, we have: 

0 =-ip = 0(K2^) = 0(0 

so the induced connection on L is flat and ^ vanishes. 

Hence, applying the Weitzenhdck formula to (o, we get 0 = V*Va» or also, after 
integrating over M, || Vw ||^2 = 0- Thus Vo) - 0. 

Finaly, if we let n : (M, g, 7) ^ (M, g, I) be the universal cover with the pullback 
metric and complex structure, we have that 7r*L is trivial and d) - n*a) e 

is a holomorphic symplectic form. By the Cheeger-Gromoll theorem, M = x Mq, 
where Mo is compact, simply connected, Kahler, Ricci-flat, and has the standard 
Kahler metric. Moreover, by the theorems of de Rham and Berger, the holonomy of 
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Mo is a product of groups of type Sp(A:) and SU(A:). We have that a) is a parallel section 
of 

r*M = A^PA* T*d ® (pr* ® pr^ T*Mo)®/\^pr* T*Mq 
But pr* r*C^ ® pr* T*Mo = (r*Mo)®^ has no parallel sections hy the holonomy prin¬ 
ciple, so 6j is of the form coc + (Oq, with cDc, cdq holomorphic symplectic forms on 
Mo respectively. Thus, I is even, so is hyperkahler, and also, hy Theorem 1.3, Mo is 
hyperkahler. It follows that (M, g, I) is Klh. 

This concludes the proof of the theorem. ■ 

Remark 2.9. Notice that the relation (2.2) says that the d/’s hehave like connection 
forms on L over Ui, i.e. the differential operator D : T* M (E) L) 

given over Ui hy D(/ ® a,) = {df - di) ® at is a well defined connection on L. We 
will then have that its curvature 0(D) = -dOt is of type (2,0) and represents the 

first Chern class of L up to a constant. But it is well known that on a compact Kahler 
manifold, the image of Ci in H^{M, C) consists of the integral classes from (M, C), 

so Cl (I) = 0. Note that is actually a holomorphic connection on L. 

Remark 2.10. The fiat connection induced by g on L does not depend on the Kahler 
class a. It is uniquely determined by co and is equal to the connection given in the 
previous remark. To see this, let D^ be the Chern connection on L induced by g and 
write D^ai = ® cr,. Then we have: 

0 = Vta = Sloji +(jL)i <ETi E>ai. 

So, denoting by a: r*M^®L ^ ®D^^) ®L the antisymmetrizationmap, 

we get: 

doji - a(VcL)i) - -oji A T/. 

Thus, by (1.1) we deduce that (f/ = 0 and = -9i, i.e. D^ = D. 

Remark 2.11. If we only suppose that is a non degenerate (2,0) twisted form, not 
necessarily holomorphic, then cd still induces a connection on L in the same manner. 
This time, Lj: are morphisms of sheaves of -modules, and induce 

isomorphisms n^°([/d = n];^{Ui) Writing 

3 doJi = OJi A di + ^i, 

we get the (1,0) forms 6i which define a connection D just as in Remark 2.9. It is only 
at this point that the holomorphicity of co becomes essential in order to have that D 
defines a holomorphic connection on L. 

3. A characterization 

In this section, we want to investigate the converse problem. It is not true that all 
Klh manifolds are twisted holomorphic symplectic. Already we will see that a prod¬ 
uct of strictly twisted symplectic manifolds is never twisted symplectic, but it turns 
out that being reducible is not the only obstruction. In what follows, we will give 
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some description of twisted holomorphic symplectic manifolds and their fundamen¬ 
tal groups. 

By a strictly twisted holomorphic symplectic manifold we always mean a twisted 
holomorphic symplectic manifold (M, I, L, co) such that the line bundle L is not holo- 
morphically trivial. 

Proposition 3.1. A compact Kdhler manifold M of complex dimension > 2 is twisted 
holomorphic symplectic iff there exists a holomorphic symplectic form wq on its uni¬ 
versal cover M so that the action ofT- ndM] on preserves Ccvq. In partic¬ 

ular, any twisted-symplectic manifold is a finite cyclic quotient of a hyperkdhler man¬ 
ifold. 

Proof. Suppose first that M admits a twisted-symplectic form 

to e 

Then, hy Theorem 2.7, L is fiat, and thus given hy a unitary representation p: T ^U(l), 
i.e. if we see tt : M ^ M as a T-principal bundle over M, we have L- MxpC. 

Let Si :Ui ^ M be local sections ofn:M^M over a trivializing cover {[/;•}• We 
then have Si - ji] sj on Ui n Uj, where jij : Ut n f/j — ► T are the transition functions for 
M. Then, cr/ := [5/, 1] are local frames for L, where [•, •] denotes the orbit of an element 
of M X C under the left action of T. The locally constant functions gij are 

the transition functions for L verifying 

(Ti = [TijSj,!] = lSj,p{rf})] = gijcrj. 

Since n*L is trivial, there exist f e such that n* gij = ^ on n~^Ui n 

n~^Uj. Also, the sections g H^{Ti~^Ui,Ti*L) all coincide on intersections and are 
non vanishing, thus giving a global frame for 7r*L which we can suppose equal to 1, 
so that Ti*ai = f. Thus, if we write co-Wi^ a, and define coq we get: 

— TT Wifi 

and, for any y g T: 

y* fj 

r =7r Wij fi^wo—— 

Ji 

Moreover, for any y, we have on Ui n Uj : 

fj fi°r 

hence the constant function does not depend on i. 

On the other hand, we have: 

r*fi _[SionoY,i] [Sion,p{j~f] _ 1 


(3.1) 


fi [5,0 71,1] 


[s, 0 71,1] piy) 










3 A CHARACTERIZATION 


8 


Hence F preserves the subspace Ca»o «= and p is determined by the 

action of F on the holomorphic symplectic form coq by: 


1 

p(r) 


•Wo = 


Conversely suppose a holomorphic symplectic form Mq is an eigenvector for F 
acting on Define 


p:F-C* 


Wo 

^— 

r Wo 

Let L:- M XpC and, with the same data for L as before, define u) e ® L) 

hj where OJi-s*^. Then is twisted holomorphic symplectic and, 

seeing stn as an element of F, we have, by (3.1), on n~^iUi ): 


* 

n CO- 


n*s*(Oo 


1 fi 

-Wo- - 

piSiTT) {SiTlYfi 


- Wo- 


To prove the last part, suppose M is twisted-symplectic and let, as in Theorem 
2.7, M = X Ml X ... Mfc, with Mi irreducible hyperkahler manifolds. The manifold 
M has a finite etale cover M' = x Mi x ...Mjc so that M = M'IT' and F = K 
F'. The symplectic form coq is preserved under the action of so it descends to a 
holomorphic symplectic form on M', which we will also denote by coq. The group F' 
preserves Ca»o. 

Let p': F' ^U(l) be the representation induced by p. Denote by N' its kernel, and 
hyN:- Z^^ ix N'. Then N is normal inside F, so there exists a Galois covering Mat ^ M 
with ttiCMjv) = N. Moreover, since ni{M') - Z'^^ is normal in N, also M' Mn is a 
covering whose deck transformation group is = N'. 

We thus have that M^ = M'IN' and N' preserves Wq, so coq descends to Mjv. Since 
Mjv is compact holomorphic symplectic, it is hyperkahler. 

Finally, p(F) = p'(F') is a finite subgroup of U(l), so cyclic, and TIN T'IN' = 
p(F), so Mjv is a finite cyclic covering of M. 

This concludes the proof of the proposition. ■ 


Corollary 3.2. A compact strictly twisted holomorphic symplectic manifold of dimen¬ 
sion > 2 is de Rham irreducible. 

Proof. Suppose M = Mi x Mz is strictly twisted holomorphic symplectic. Let M = 
Ml X M 2 be a finite etale cover of M with holomorphic symplectic form (Oq-(Oi+ (02 
preserved up to constants by F' = F'^ x F^, where tti (Mj) = Z^^' x F'., i = 1,2. 
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Then we should have that p(r') = p(r'^) x pCT^) is a non-trivial cyclic group of the 
same order as p(r'^), piT'^), which is impossible. ■ 

Corollary 3.3. A compact locally irreducible Kdhler manifold of dimension > 2 is Klh 
iff it is twisted holomorphic symplectic. In this case, the twisted-symplectic form is 
valued in the canonical bundle. 

Proof. Let M he a locally irreducible Klh manifold and Mits universal cover endowed 
with a holomorphic symplectic form ojq. Since M is irreducible, it is compact and 
(M, = Ctoo- Hence T = :;ri (M) preserves Ca»o in a trivial way and M is twisted 

holomorphic symplectic by the previous proposition. 

In particular, this implies that T is cyclic. Let d be its order. Then d| m + 1, where 
dimM = 2m. To see this, let y e T be a generator, so that f ■ Wo, with f a primi¬ 

tive d-root of unity. Since y has no fixed points, by the holomorphic Lefschetz fixed- 
point formula we must have that its Lefschetz number, which by definition is: 

L(y) 

q 

must vanish. On the other hand, we have 


H 




C[t!lo] 


so L(y) = 1 -t + Thus, L(y) = 0 implies d|m-l-1. 

Let p : T ^U(l) be given by the action of T on coq and L := M C, so that the 
twisted holomorphic symplectic form is L-valued. Since the action of T on is 
given by p'”, we also have that Km = M Xpm C. Now, = 1 implies p"* • p = 1, or 
also Kfr ® L = C, i.e. L = Km- ■ 


Remark 3.4. For a twisted holomorphic symplectic manifold (M, I, L, co), we always 
have, by Remark 2.5, that L is a root of Kfj. In the particular case when M is locally 
irreducible, we obtain, moreover, that L (and thus also Km) is a torsion element of the 
Picard group, and that L is precisely (up to isomorphism) Km- 

It is difficult to give a nice criterion for being twisted holomorphic symplectic in 
the case of de Rham irreducible, locally reducible hyperkahler manifolds. We can, 
though, give a somewhat more precise description of fundamental groups of twisted 
holomorphic symplectic manifolds. For this, we first give some lemmas concerning 
isometries of Riemannian products. 

Lemma 3.5. Let {Mi , g,) be complete locally irreducible Riemannian manifolds of di¬ 
mension >1 and let Mq - Mi x ... x M^ be endowed with the product metric. Lety 
be an isometry o/Mq and letji ptj, where pi: Mq Mi are the canonical projec¬ 
tions. Then y, is of the form ji - fi Pa[i], where fi: MaH] Mi is an isometry and a a 
permutation of{l,...,k}. 
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Proof. We have that gij*gi is a parallel section of S^{T*Mq). On the other hand, 

i<i 

Now, T* Mi ® T* Mj admits no parallel section for i < j, while the space of parallel 
sections of S^iT*Mi) is exactly Rgj. Indeed, hy the holonomy principle, this is equiv¬ 
alent to saying that Gi x Gj has no fixed points when acting on T*Mi ® T*Mj, while 
the only G^-invariant elements of S^{T*Mi) are the multiples of (gi)x, where xe Mi, 
y e Mj are any points and Gg is the restricted holonomy group of Mg, s-l,..., k. The 
first assertion follows from the dimension hypothesis and the more general fact that 
if [/ is a G-irreducihle space and V a H-irreducihle space, then U <s> V is a. G x H- 
irreducihle space. The second assertion is equivalent to Schur’s lemma if we identify 
S^{T*Mi) with the symmetric endomorphisms of T*Mi via gi. 

Next, we want to show that for every i, there is exactly one j - j{i) so that Uij ^ 
0. Thus, if we let A{i) = {i\aij 0}, we need to show that A{i) ^ 0 for each i and 
A{i) n Aij) - 0 for all i ^ j. Now, since gi is definite and dji is surjective, we have 
that kerg; := {X e TMo\gi{X,-) = 0} = kerdji. Hence, since kerdji ^ TM, the first 
assertion follows. 

For the second assertion, first note that kerg, n TMic 0 iff = 0, in which case 
TMfc ckergj. Therefore, (kerdji)-^ - 'LjeAU) Hence, for i ^ j, AG) nAij) = 0 is 
equivalent to {0} = (kerdji)-^ n (ker:djj)-^ - (kerdji + kerdjj)-^. But we have 

ker dji + ker djj - dj~^ (ker dpi + ker dpj) - dj~^ C^TMg+'^TMg) - TM. 

It follows that there exists a permutation a of {!,...,k} so that AG) - {nji)} for 
each/. Hence, since for any j, = 1, we have that aiaH) - 1 and ji - fipaU) with 
fi : Mfjii) Mi an isometry. ■ 

In what follows, we will omit writing the projections and identify ji with fi. 
Lemma 3.6. Let Mi be irreducible compact hyperkdhler manifolds, and Mq - Mi x 
... X Mfc be endowed with the product metric and a holomorphicsymplectic form wq. 
Then any isometry ofMo preserving wo has fixed points. 

Proof. By Theorem 1.3, the Mfs are simply connected and admit unique holomor¬ 
phic symplectic forms coi up to a scalar, so we have: 

H°{Mo,0.ljf ^C(t)ie...eC(0]c. 

Hence we can suppose, after rescaling the coi’s, that Wq = fi>i +... + wjc. Let y he an 
isometry of Mq with y*^o - ^o- 

Consider first the case where all Mi are isometric, so that Mq = M^. Let a he the 
permutation determined hy y as in the previous lemma and let I he the order of a. If 
we define, for i - 1,..., k\ 


Yi^riYa[i)---Yal-Hi) 
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then 7 ^(xi,...,Xfc) = (Ti(xi).If 7 acts freely, then also 7 ^ acts freely. Other¬ 

wise, suppose 7 ^(yi,..., y^) = ( 71 ,..., y^), let I'l,..., /f e { 1 ,..., A:} represent the orhits of 
< (7 > and define (xi,..., Xfc) by 

Xij --yij, Xaiij) ■- TcJiij) ■ ■ ■■■’ •“ T(t'- 1 (o 0 

The fact that7/.7cr(/p...7cri-i(/p(yo) = yij implies that (xi,...,xa;) is a fixed point for 
7 , contradiction. 

Now, 7*a>o = <T»o implies ( 7 VWo = = (^ 0 , or also (7p*tt>i = coi for any 

i - 1. k. On the other hand, the fact that 7 ^ acts freely implies that some 7 '. acts 

freely on Mi. By the holomorphic Lefschetz fixed-point formula, its Lefschetz num¬ 
ber must then vanish. But Liy'. ) - m +I, where dimMi -2m, contradiction. 

In the general situation, write Mo = (Mi)^i x ... x (M^)^*, with Mi irreducible and 
Mi ^ Mj for all i j. By the previous lemma, 7 = ( 71 ,..., 75 ), with ji an isometry of 
{Mi)^‘. Again, 7 *<t»o = aio implies 7 *= (^io, where the coio’s are the induced sym- 

plectic forms on iMi)^‘, i - 1. 5 . Also, if 7 acts freely on Mq, then some 7 , acts 

freely on (M/) and we already showed that this is impossible. ■ 

Remark 3.7. We can now say slightly more about twisted holomorphic symplectic 
manifolds M with compact universal cover M. In this case, with the notations of 
Proposition 3.1, T = T', the representation p is faithful by the previous lemma, so 
r = p(r) is cyclic. Thus, if 7 is a generator of T of order d and 7 *a>o = ^cdq, then ^ is 

necessarily a primitive d-root of unity. Moreover, if we write 7 = (71 . jt) just as in 

Lemma 3.5, then all 7 ,’s must have the same order d. To see this, let di ^ordy,. Then 
di\d ^\cm{di)i. Since 7 *Wo = 1.17*0^1 = ^'LiP*(^i, we have, for all i, Y*a)i = 
hence - 1. But ^ was primitive, so di - d. We can conclude: 

Corollary 3.8. If the fundamental group of a compact twisted holomorphic symplec¬ 
tic manifold is finite, then it is cyclic and of the form T -<y - ( 71 ,..., yt) >, with Yi 
isometries of the irreducible components of the universal cover, all of the same order. 

Remark 3.9. When M is twisted holomorphic symplectic but M is not compact, it is 
not necessarily the case for T' to be cyclic, i.e. p': T' ^U(l) need not be faithful. By 
the same type of arguments as in Lemma 3.5, it can be seen that an element of T' is 
of the form 7 = ( 7 r>To)> with yt GAut(T^^) and 70 eAut(Mo). There exist fixed point 
free complex symplectomorphisms of of finite order (for instance translation by 
a torsion element a e ). So, if yt is one and 70 is a symplectomorphism of Mq of 
the same order as yt, (Jt, To) is an element in the kernel of p'. 

Corollary 3.10. A compact strictly twisted holomorphic symplectic manifold M of 
dimension > 2 with finite fundamental group is projective. 

Proof. Let n : M ^ M he the compact universal covering, where, by Theorem 2.1, 
M - Ml X ... X M]c with Mi irreducible hyperkahler manifolds. Then, by Lemma 3.6, 
each Mi admits an automorphism which is not symplectic. By a result of (U, such 
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manifolds are necessarily projective, hence so is M. But it is a well known fact that a 
compact Kahler manifold is projective if and only if some finite unramified covering 
is, thus the conclusion follows. ■ 


4. Final remarks 

Remark 4.1. Concerning examples, finding locally irreducible Klh manifolds is equiv¬ 
alent to finding a fixed point free automorphism y of an irreducible symplectic man¬ 
ifold, so that all powers of y also act freely 

In complex dimension 2, by Remark 2.6, all manifolds are twisted holomorphic 
symplectic. On the other hand, all compact Klh surfaces are either tori or Enriques 
surfaces, which are quotients Kl < i >, with K aK3 surface admitting a fixed point 
free involution i. 

Next, out of a K3 surface {K, l) as before, one can construct a twisted holomorphic 
symplectic manifold of any even dimension 2m. Simply take 

To find twisted holomorphic symplectic manifolds with higher order of the fun¬ 
damental group, one needs to look at other irreducible hyperkahler manifolds. For 
the Hilbert schemes of points on K3 surfaces, see (2) for the construction, all known 
automorphisms have fixed points, so we have no hope of constructing examples out 
of them. 

On the other hand, there is hope with the generalized Kummer varieties kT,, see 
again m for the definition. In ID and m the authors find fixed point free cyclic 
groups of automorphisms E of order 3 for the manifolds K 2 and K 5 , and of order 4 
for K 3 . Taking the corresponding quotients give the desired examples of locally irre¬ 
ducible twisted holomorphic symplectic manifolds of dimension 4,10 and 6, respec¬ 
tively. 

Remark 4.2. In order to actually classify twisted holomorphic symplectic manifolds, 
one should be able to classify fixed point free groups of automorphisms of irreducible 
hyperkahler manifolds. The problem is clear in low dimension. It is also clear that 
if the Hilbert schemes of points on K3 surfaces admit such groups, then the corre¬ 
sponding automorphisms are not natural, i.e. do not arise from automorphisms of 
the K3 surface. On the other hand, for the moment there are no known exemples 
of such non-natural automorphisms. For the generalized Kummer varieties, there 
exist some examples formed out of natural automorphisms, but we do not know a 
classification of such groups. 

Remark 4.3. The Kahler hypothesis was heavily used to show that twisted holomor¬ 
phic symplectic manifolds are locally hyperkahler, particularly when applying Yau’s 
theorem. On the other hand, we have no examples of twisted holomorphic symplec¬ 
tic manifolds in the non-Kahler case, and the problem is open in this generality. 
Remark 4.4. Another direction to go would be to study the problem in the non holo¬ 
morphic case, that is to be able to say which compact Kahler manifolds admit a non 



degenerate (2,0)-form valued in a complex line bundle. These are the manifolds ad¬ 
mitting a topological Sp(m)U(l) structure. As was mentioned in Remark 2.11, The¬ 
orem 2.7 does not hold without the holomorphicity assumption. A counterexample 
is given by the quadric Qe =SO(7) /U(3) cz P^C, which is a Kahler manifold with topo¬ 
logical Sp(m)U(l) structure, see O, but is not Klh, since it has positive first Chern 
class. 
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